We discuss the introduction of a non minimal coupling between the inflaton and gravity in terms of our recently proposed β-function formalism for inflation. Via a field redefinition we reduce to the case of minimally coupled theories. The universal attractor at strong coupling has a simple explanation in terms of the new field. Generalizations are discussed and the possibility of evading the universal attractor is shown.
Introduction
Inflation is the most suitable extension of standard cosmology to solve the horizon, monopoles and flatness problems. The Planck mission [1] and other cosmological observations help to fix several constraints on the general mechanism driving this phenomenon. The chaotic model [2] with potential V (φ) = λφ 4 with a non-minimal coupling of the scalar field with gravity ξφ 2 2 R has been recently proposed by Bezrukov and Shaposhnikov [3] as a natural extension of the Standard Model in order to include inflation. For a large number N of e-folding this model gives predictions for the scalar spectral index and the tensor to scalar ratio: n s = 1 − 2 N , r = 12 N 2 .
(1.1)
Assuming that N ∼ 50 − 60 we find numerical values in good agreement with Planck data. As Starobinsky model [4] and many other inflationary models are also predicting similar values for n s and r it is important to define a systematic classification in order to avoid this degeneracy. Some proposals to explain this degeneracy have been formulated by Mukhanov [6] and Roest [5] . In this spirit we recently proposed a β−function formalism for inflation [7] . This new approach is based on the idea of providing universality classes of models of inflation by relying on the approximate scale invariance during the inflationary epoch. This suggestion has a deep connection with the idea proposed by McFadden and Skenderis [8] of applying the holographic principle to describe the inflationary Universe. In the language of the well known (A)dS/CFT correspondence of Maldacena [9] , the asymptotic de Sitter spacetime is dual to a (pseudo) Conformal Field Theory. In this framework the equations describing the cosmological evolution are thus interpreted as holographic Renormalization Group (RG) equations for the corresponding QFT [10] . This correspondence suggests that universality classes for inflationary models should be defined in terms of the Wilsonian picture of fixed points (exact deSitter solutions), scaling regions (inflationary epochs), and critical exponents (scaling exponents of the power spectra related with the slow roll parameters). It is important to stress that, in analogy with statistical mechanics, these universality classes should be considered as sets of theories that share a common scale invariant limit. As results obtained in this framework are not only valid for particular models but for whole sets of theories, it should be clear that they should be conceived as more general than the ones obtained using the standard methods.
In this paper we discuss inflationary models where a scalar field is non-minimally coupled with gravity. A discussion of this topic has been recently proposed by Linde, Kallosh and Roest [11] in terms of the standard picture of defining inflationary models by identifying the inflationary potentials and they proved the existence of a universal attractor at strong coupling. Both to have a deeper comprehension of the inflationary regime and to produce a further generalization of the results presented in [11] , it is interesting to treat theories for scalar field with a non-minimal coupling with gravity in terms of the β−function formalism. In Sec.2, we present a model of a scalar field with a non-minimal coupling with gravity. In Sec.3 we formulate the problem in terms of the β−function formalism and we present the weak and strong limits. In Sec.4, we consider a more general class of models by relaxing an assumption on the expression for the potential. In this context we prove that it is possible to evade the universal attractor and that other attractors can be reached. In Sec.5, we finally present our conclusions.
Setting up the model
The simplest action to describe the inflating universe consists of a the standard Einstein-Hilbert term to describe gravity plus the action for a homogeneous scalar field in curved spacetime 1 :
where X ≡ g µν ∂ µ φ∂ ν φ/2 =φ 2 /2 is the standard kinetic term for a homogeneous scalar field. Let us consider a generalization of this action to include a non-minimal coupling between the scalar field and gravity. In this paper, we follow the proposal of [11] , and we consider the action:
As gravity is not described by a standard Einstein-Hilbert term, this should be considered as the Jordan frame formulation of the model. Notice that we have not imposed any constraint on the explicit expression of V J (φ). Let us consider:
where ξ is the coupling constant and f (φ) is a function of φ. It is again interesting to stress that this parametrization is quite general as we are not imposing any constraint on the explicit expression for f (φ). It should also be stressed that ξ = 0 corresponds to the standard case of a scalar field minimally coupled with gravity. It is well known that by means of a conformal transformation i.e.
we can recover the standard Einstein-Hilbert term for gravity. The action in terms of the new metric can be expressed as:
5)
where F (φ) andV (φ) are defined by:
This is usually known as the Einstein frame formulation for the theory. From now on, we impose κ 2 = 1 to simplify the notation. As discussed in [11] , it is interesting to consider the particular expression for V J (φ):
This parametrization is motivated by the possibility of defining a natural supergravity embedding [13] for this class of models. It is important to stress that in the limit of small coupling ξ 1, both Ω(φ) and F (φ) are close to one. In this limit, fixing an explicit parametrization for f (φ) we are directly fixing the potential for the theory. At this point it should be clear that in this regime different choices for f (φ) correspond to different predictions for n s , scalar spectral index, and r, tensor to scalar ratio. As discussed in [11] , it is interesting to consider the limit of a strong coupling 1 ξ. It possible to show that in this regime the expression for N , number of e-foldings, simply reads:
It is also possible to show that in this limit, the expressions for n s and r are simply given by eq.(1.1). It is important to stress that this result is independent on the explicit choice for f (φ). As different theories share the same asymptotic behavior in the limit of 1 ξ, this proves the existence of a universal attractor at strong coupling. In the rest of this work we will focus both on the interpretation of this attractor in terms of the β function formalism of [7] , and on the possibility of extending these results for more general classes of models. In particular, in Sec.4, we will discuss the consequences of chosing a different parametrizetion for V J (φ) i.e.
with f (φ) = g(φ).
β-function formalism
Let us consider the model described in Sec.2. By means of a field redefinition it is possible to reduce to the problem of a scalar field with a canonically normalized kinetic terms. In particular let us define 2 the new field ϕ as:
By definition the kinetic term of ϕ is canonically normalized and thus we can directly follow the procedure discussed in [7] . Assuming that the time evolution of the scalar field ϕ(t) is piecewise monotonic we can invert to get t(ϕ) and use the field as a clock. Under this assumption we can thus describe the dynamics of the system in terms of the Hamilton-Jacobi approach of Salopek and Bond [14] . In this framework we define W (ϕ) ≡ −2H(ϕ), that satisfiesφ = W ,ϕ (ϕ) and also
The latter expression leads to call the function W (ϕ) superpotential because of a similar parametrisation in the context of supersymmetry. In analogy with QFT we define:
It is important to notice that the equation of state for the scalar field in terms of β reads:
This expression for the equation of state implies that an inflationary epoch is associated with the neighborhood of a zero of β(ϕ). In fact, by specifying a parametrization for β(ϕ), we are fixing the evolution of the system (or equivalently the RG flow) close to a fixed point. As a single asymptotic behavior can be reached by several models, the parametrization of β(ϕ) is not simply specifying a single inflationary model but rather a set of theories sharing a scale invariant limit. In particular, using the language of statistical mechanics, we are specifying a universality class for inflationary models. It is important to stress that in this framework all the informations on the inflationary phase are thus enclosed in the parametrization of β(ϕ) in terms of the critical exponents. Substituting eq.(3.3) into eq.(3.2) we express the potential V (ϕ) as:
During an inflationary epoch β(ϕ) must be close to zero and thus at the lowest order, we can approximate 3 eq.(3.5) with: V (ϕ) ∼ 3 4 W (ϕ) 2 . From eq. (3.4), we can notice that β 2 /2 is equal to the first slow-roll parameter = −Ḣ/H 2 . In the slow rolling regime the β-function formalism is thus equivalent to the horizon-flow approach of Hoffman and Turner [16, 17, 18, 15] . In this limit we can thus express β(ϕ) as:
). Characterizing the system in terms of ϕ helps to have a deeper comprehension of this model and leads to an interpretation of the attractor at strong coupling. In the rest of this section we discuss the limits of large and small ξ and we present an explicit example to understand the interpolation between these two regimes.
3.1. Strong and weak coupling limits.
In the strong coupling limit we have 1 ξ and thus the lowest order approximation for (3.6) simply reads:
Using eq.(2.6) we can get the lowest order expression for F (φ) i.e.
We can substitute eq.(3.8) into eq.(3.1) and integrate to get:
where we defined f f ≡f (ϕ f ). It is crucial to notice that in the limit 1 ξ the expression for f (ϕ) does not depend on the explicit choice for f (φ)! As shown in eq.(3.7), the expression of β(ϕ) in the limit of a strong coupling is only depending onf (ϕ). We can thus substitute eq.(3.9) into eq.(3.7) to get:
3 As eq. (3.3) implies:
to be consistent with this approximation we need:
In the rest of this paper we will consider explicit expressions for β(ϕ) that satisfy this requirement.
It is important to stress that at the end of inflation 1 + p/ρ is close to one and thus eq.(3.4) implies that |β(ϕ f )| ∼ 1. Eq.(3.10) then leads to f f ∼ 8/3/ξ that can be substituted into eq.(3.10) to conclude that:
It is then clear that the expression for β(ϕ), in the limit of big ξ, is independent on the explicit choice for f (φ). As the dynamics of the system during the inflationary phase is completely specified by β(ϕ), this directly leads to the universality. In particular, we notice that β(ϕ) approaches the exponential class of [7] . This universality class is entirely determined by a single critical exponent, denoted with γ, that in this case is equal to the 2/3 factor in the exponential of (3.11). As discussed in [7] , the scalar spectral index and the tensor to scalar ratio are given by:
(3.13)
As expected, these results are in perfect agreement with the ones discussed in [11] . In this framework, the independence of β(ϕ) on f (φ) directly leads to the universality for the values of n s and r. In particular, in terms of the β-function formalism, the appearence of a universal attractor at strong coupling corresponds to the flow of the system into a particular universality class.
For completeness we can also express N (ϕ) as:
Substituting eq. (3.14) into eq. (3.11) we find that choosing values for N in the range [50, 60] we get β ∈ [−0.024, −0.02]. Notice that in the limit of strong coupling, the dynamics in terms of ϕ does not depend on ξ. It is also interesting to point out that in this case the asymptotic fixed point is reached for N → ∞ that corresponds to ϕ → ∞.
It is interesting to point out that ξ = 0 corresponds to a minimal coupling between the inflaton and gravity. In this case we can again use the equations derived in Sec.3, but the expression forf (ϕ) given by eq.(3.9) does not hold. As a consequence we are not expecting to obtain a model independent expression for β(ϕ) and thus results will be model dependent. In particular, by choosing particular parametrizations for β(ϕ), we can reproduce the universality classes introduced in [7] . As in the limit of a weak coupling we are just introducing a small variation with respect to the case of ξ = 0, we will only obtain a little departure from the standard results. In particular it is possible to prove that in the limit of a weak coupling the lowest order expressions for n s and r correspond to the ones presented in [11] .
An explicit example.
In this section we present an example to be have a better understanding of the transition from the weak to the strong coupling limits. In particular, we consider some particular models by specifying an explicit expression for f (φ). From eq.(3.3) and eq.(3.5), it should be clear that β(ϕ) ∼ −2α/ϕ simply gives:
This clearly corresponds to the well known case of chaotic inflation [2] . As in the limit of small ξ we have ϕ ∼ φ and β(ϕ) ∼ −2f ,ϕ (ϕ)/f (ϕ), to obtain this expression for β(ϕ) we simply choose f (φ) = φ α . It is well known that in this case the lowest order predictions for the n s , scalar spectral index, and r, tensor to scalar ratio, are given by:
On the contrary, the strong limit predictions have been discussed in Sec 3.1, and these are given by eq. with γ = 2/3. In limit of a weak coupling numerical predictions match with the chaotic class while in the strong coupling limit we approach the predicted exponential class attractor.
In the intermediate region we have a whole set of valid inflationary models that actually interpolate between the two fundamental classes.
This behavior is quite similar to the mechanism of interpolation discussed in [7] . In these paper we have shown that, by introducing a new scale f , it is possible to construct a βfunction that approaches different universality classes as we consider different values for f . In particular we have shown that a small and a large field regime can be reached. For example let us consider a model with a scalar field χ and let us assume that β(χ) = g(χ)
is the β-function for this model. As we are interested in studying an inflationary stage, the system is close to zero of the β-function. Without loss of generality we assume that β(χ = 0) = 0. Finally we consider a model with β-function defined by β(χ) = g(χ) where 1 is a constant. It should be clear that this system inflates for all the values for χ such that β(χ) = g(χ)
1 and thus we can have inflation even for g(χ) ∼ 1. As a matter of fact the small field regime is stretched and it can be reached even for bigger values for χ. In the case of a scalar field with a non-minimally coupling with gravity the role of the scale f appears to be played by the coupling ξ. In particular this can be shown expressing the β-function in terms of φ:
Usign eq.(2.6) and eq.(3.8) we express the β-function in the limit of strong coupling as:
It should be clear that a zero of this function is reached for 1 φ α . However, by choosing a large value for ξ, it is still possible to have inflation in the limit of φ α 1. In particular, consistently with [11] , this mechanism allows the production of cosmological perturbations in the regime φ α 1. By choosing a large value of ξ we have thus stretched the asymptotic large field regime so that it can be obtained even for small values of φ.
A more general discussion on non-minimal coupling
In this section we are interested in discussing a more general parametrization for the model for a scalar field with a non minimal coupling with gravity. In particular we follow the proposal of [11] and we start by considering the same lagrangian of eq.(2.1) i.e.
but we introduce an additional functional freedom in the model i.e.
where both f (φ) and g(φ) are generic functions of φ. As argued in [11] , by studying the system in terms of φ, it seems reasonable to assume that small variations of the potential should not affect the occurrence of the attractor. In the following we will prove that in general this conclusion does not appear to hold.
By means of a conformal transformation we recover the Einstein frame action of eq.(2.5).
In this case the expressions for Ω(φ) and V (φ) are given by:
Following the procedure defined in Sec.3, we describe the system in terms of a new field ϕ with a canonically normalized kinetic term. Substituting eq.(2.6) into eq.(3.1) we get:
The expression for the β-function associated with the system reads:
where in analogy withf (ϕ), we definedg(ϕ) = g(φ(ϕ)). Without loss of generality we can parametrizationsg(φ) as:g (ϕ) =f (ϕ)h(ϕ), (4.6)
whereh(ϕ) is a generic function of ϕ. It is important to stress that we are not specifying an explicit expression forh(ϕ) and thus we can produce a quite general description of the problem. We can substitute eq.(4.6) into eq.(4.5) to get:
(4.7)
It is easy to notice that in the case ofh ,ϕ (ϕ)/h(ϕ) = 0, this equation is exactly equal to eq.(3.6). In particular, in the limit of strong coupling ξ eq.(4.7) simply reads:
.
It is interesting to point out that choosingf (ϕ) =g(ϕ) or equivalentlyh(ϕ) = 1, the zero order term in 1/ξ is set equal to zero. Under this assumption the expression for β(ϕ) is thus dominated by the first order term 1/ξ. In particular the β-function is simply given by eq.(3.7) and thus we reduce to the case discussed in Sec. 3.1. Relaxing the assumption ofh(ϕ) = 1, we can consider the case of a zero order term different from zero. As an inflationary stage corresponds to β(ϕ) → 0 any choice ofh(ϕ) that satisfies:
describing a viable inflationary model. As no other restriction has been imposed on the choice forh(ϕ), we can immediately conclude that in general the attractor at strong coupling can be evaded. In the Sec. 4.1 we present an explicit example to discuss the conditions to preserve the attractor at strong coupling. In Sec. 4.2 we show that models defined via further generalizations of the action eq.(4.1) are still included in this class and we investigate the characterization of the α-attractors of Kallosh and Linde [19, 20, 21, 22] in terms of our formalism. Some other examples of the parametrization forh(ϕ) are discussed in Appendix A.
Polynomial expansion.
Let us assume that f (φ) and g(φ) admit a Taylor expansion in terms of φ:
Let us restrict to the case of both f (φ) and g(φ) vanishing for a certain value of φ. By means of a field redefinition we can fix f 0 = g 0 = 0. Without loss of generality we can also rescale λ and ξ to impose f 1 = g 1 = 1. The case f (φ) = g(φ) has been discussed in Sec. 3.1, and in particular we have shown that under this assumption it is possible to choose ξ such that φ 1. As the first order terms of eq.(4.10) are imposed to be equal, and high order orders in terms of φ are expected to be negligible, it would be reasonable to conclude that the attractor at strong coupling should be preserved. Surprisingly, expressing the dynamics in terms of ϕ, it is possible to show that the attractor at strong coupling may be evaded! Let us fix a particular expression for f (φ) and g(φ), in particular we choose:
(4.11)
In the strong coupling limit, the lowest order approximation for eq.(4.4) simply reads:
(4.12)
We can integrate eq.(4.12) to get an explicit expression forf (ϕ):
Finally we substitute into eq.(4.11) to get:
whereg(ϕ) = g(φ(ϕ)). It should be clear that this corresponds to:
Using eq.(4.7) we can then compute the explicit expression for β(ϕ):
(4.17) Notice that the first term on the right hand side of eq.(4.17) gives the zero order contribution in 1/ξ while the second term on the right hand side of eq.(4.17) is a first order term in 1/ξ. It is important to stress that imposing g n+1 = 0, is equivalent to fix f (φ) = g(φ). As discussed in Sec.3.1, in this case the inflationary regime is reached for large positive values for ϕ and β(ϕ) is approximated by eq.(3.11). On the contrary when g n+1 = 0, the second term on the right hand side of eq.(4.17) is negligible with respect to the first one 4 . Under this assumption β(ϕ) can be approximated as:
In this case the zero of β(ϕ) that corresponds to the inflationary phase is thus reached for large negative values for ϕ. In this regime the expressions for β(ϕ) and N (ϕ) are:
To ensure 0 ≤ N (ϕ), we impose 0 < −f n f g n+1 . Following the same procedure of Sec.3.1, we also impose the condition |β(ϕ f )| ∼ 1 to fix the value of β(ϕ) at the end of inflation:
(4.21)
As n and g n+1 are expected to be of order one, we can conclude that f f is expected to be of order one too. Finally, using eq.(4.21) we express β(ϕ) and N (ϕ) as:
The expression for β(ϕ), in the limit of big ξ, thus depends on n and this leads to the evasion from the univerality. In particular, β(ϕ) approaches the exponential class of [7] with γ = n 2/3. The corrisponding expression for the scalar spectral index and for the tensor to scalar ratio are given by:
(4.24)
It is interesting to notice that the attractor at strong coupling of [11] can be reproduced by imposing n = 1. Actually it is possible to go further and prove that the attractor can be recovered under some more general condition. As argued during this section, the inflationary phase is reached for ϕ −1 and this corresponds to φ 1. In this regime higher order corrections to the expression of g(φ):
are not producing significat changes in the lowest order expressions for β(ϕ) and N (ϕ) given in eqs. (4.22) , (4.23) . In particular this implies that assuming g 2 = 0, the dominant contribution to the expression of β(ϕ) is fixed by the term with n = 1. This condition is thus sufficient to preserve the attractor 5 . Conversely, other attractors are find for different values of 1 < n.
To conclude this section we discuss the consistency of the assumption that the second term on the right hand side of eq.(4.17) is negligible with respect to the first one. To be sure that this term is subdominant from the end of inflation up to the production of cosmological perturbations we need:
where ϕ H is the value of ϕ at the production of cosmological perturbation. Using the expression for N (ϕ) given by eq.(4.23) it is clear that eq.(4.26) satisied if N 2 H /ξ 1.
α-attractors.
It is interesting to notice that the class of models described in this section also includes further generalizations of the lagrangian of eq.(4.1). In particular some of these generalizations have been presented in [23] and [24] . Following the proposal of [23] we consider the general Jordan frame action 6 to describe a homogeneous scalar field with a non-minimal coupling with gravity non-minimally:
As usual we perform a conformal transformation:
to get the Einstein frame formulation of the theory:
29) 5 Notice that this is a specific feature of the parametrization of eq. (4.25). As discussed in Sec. 4, the attractor can be evaded under the quite general condition of eq.(4.9). Some explicit examples of the evasion are presented in the appendix A. 6 κ 2 is set equal to 1.
where we defined F (φ) and V (φ) as:
It is clear that the cases discussed in the previous sections can be recovered simply imposing K J (φ) = 1. Again we can define a new field ϕ:
that has a canonically normalized standard kinetic term. In particular the lagrangian for this field simply reads:
whereṼ (ϕ) is defined asṼ (ϕ) = V (φ(ϕ)). As in terms of the canonically normalized field ϕ the three functional dependece are merged intoṼ (ϕ), the model construction reduces to fixing a particular parametrization for this function. Usign eq.(3.3), and the lowest order approximation V (ϕ) ∼ 3 4 W 2 (ϕ) we can finally express the β-function as:
Again the whole dynamics of the model is thus fixed by the parametrization of the βfunction. As different choices for Ω(φ), K J (φ) and V J (φ) lead to the same expression for β, this explains the possibility for degeneracies to arise.
Several models described by the action of eq.(4.27) has been presented in [23] and [24] . In this paper we consider the α-attractors of [22] as an interesting example for this class of models. In particular let us consider the case of T-models [19] . T-models can be described in terms of the action of eq.(4.27) by fixing:
Using eq.(4.34) we define the canonically normalized field and using eq.(4.3) and eq.(4.6) we can compute the explicit expression for h(φ). In particular we get:
Finally we can use eq.(4.8) to compute the expplicit expression for the β-function: Eq.(4.36) imples that the β function for T-models falls in the exponential class of [7] . As already discussed in this paper, the predictions for n s and r are thus given by:
(4.37)
Similar conclusions can be draw for the other models for α-attractors presented in [19] .
Conclusions
In the analysis of this paper, by means of a conformal transformation and of a field redefinition, we have discussed the problem of inflationary models with a non-minimal coupling with gravity in terms of a single field with a canonically normalized kinetic term. In particular we have shown, the application of the β−function formalism, helps to understand the asymptotic behavior of the system during the inflationary phase. In this framework, the fall of the system into the attractor is interpreted as the approach of a universality class. In this sense, the formulation of the problem in this framework, should not be seen as a simple rewriting of the results obtained with standard methods, but on the contrary it should be considered as a further generalization.
The β−function formalism appears to be extremely useful when we investigate the stability of the attractor at strong coupling under generalizations of the theory. In particular, once we have defined the β−function associated with our system, it has been easy to identify the dominant contribution to characterize inflation. Specifically, in Sec.4, we have discussed the possibility of introducing an additional functional freedom in the model. In this case the behavior of the system is dominated by the zeroth order term that conversely was set equal to zero in the treatment followed in Sec.3. As in general this term can be chosen arbitrarily, it leads to the possibility of evading the attractor at strong coupling. A critical review of the conditions required to preserve the attractor at strong coupling has been presented and the existence of different attractors has been shown.
The further generalization discussed in [23] and [24] have been presented. In these works it was shown that a slight modification of the theory may lead to the existence of other attractors. Indeed for these models an analogous of the treatment presented in this paper can be carried out and it leads to similar conclusions. In particular we have presented the application of our formalism to the case of the α-attractors of [22] . A further generalization of the formalism proposed in [7] can be also useful to have a deeper understanding of more general models with a non-standard kinetic term or with more scalar fields [25] . It seems reasonable to suppose that in analogy with the case of the non-minimal coupling, the β-function formalism can be coherently applied to these models as well.
clearlyg ,ϕ (ϕ)/g(ϕ) = 2/3 + α/(ϕ − ϕ f ) that gives the lowest order expression:
This case corresponds to the Chaotic class discussed in [7] and gives:
In this case the attractor at strong coupling is clearly evaded.
• Polynomial. Let us consider:
where P 1 (ϕ) is a polynomial in ϕ. It is possible to prove that in this case the lowest order expression for β(ϕ) reads:
where P 2 (ϕ) is a polynomial in ϕ. It is possible to show that at the lowest order the expressions for n s and r are: In this case the attractor is always preserved independently on the explicit expression for P 1 (ϕ).
